Abstract: Ill-conditioned power-flow problems have been widely investigated and reported in the literatun:. A typical approach develops enhanced solution algorithms when a power-flow case is found divergent with the conventional Newton method. It is known that a genuine ill-conditioned problem is caused by the presence of a large condition number in the power-flow Jacobian matrix. Since a large condition number is associated with small singular values or eigenvalues of a matrix and the voltage collapse is also related to small eigenvalues, it is therefore postulated that an illconditioned power-flow problem is actually a voltage collapse problem. The objective of t h s paper is to investigate the relationship between power-flow ill-conditioning and voltage instability. The findings confirm that power-flow ill-conditioning only occurs at the voltage collapse point. As a result, developing improved algorithms to solve the problem is an unprofitable strategy. The wellknown voltage stability assessment techniques such as the PV curve method are sufficient for the problem. This conclusion is supported with case studies on five widely known ill-conditioned powerflow problems and rigorous mathematical analysis.
Introduction
Much effort has been made, even in recent years, to find efficient methods for solving the power flows of so-called ill-conditioned power systems [ 1-71. Typical research strategy of these works can be summarised as follows: the divergence of a power-flow problem using conventional Newton method is observed; the system is then labelled as ill-conditioned; and new solution algorithms are developed to solve the problem. These works seldom investigate the real cause of the divergence. There is no explanation as to whether the divergence is just a computational problem or a physical limitation of the power system involved.
There is a strict definition for ill-conditioned problems in mathematics [8] . A matrix is considered to be ill-conditioned if it has a siificiently large condition number. For power flow problems, the matrix of concern is the Jacobian matrix. Since a large condition number is generally associated with small singular values or eigenvalues of a matrix and the voltage collapse is also related to small eigenvalues [9], we therefore postulate that an ill-conditioned powerflow problem. could actually be a voltage collapse problem. The objective of this paper is to determine the validity of this postulation This paper therefore adopts a completely different approach to assess the ill-conditioned or divergent powerflow problems. It a.pplies the PV-curve technique to determine whether solutions actually exist for some of the wellpublicised ill-conditioned power-flow problems [ 1-51. The distances between the solutions and the PV-curve nose The results confirm that the so-called illconditioned power-flow problems are either related to the nonexistence of a power-flow solution or caused by operating the system at the voltage collapse point. In other words, genuine power-flow ill-conditioning only happens at the PV-curve nose point. T h s conclusion is also proved mathematically. The implications of this finding are twofold. First, voltage stability assessment techniques should be used to analyse the ill-conditioned power-flow problems. These techniques can reveal a lot more information. Secondly, it is unprofitable to research new algorithms dedicated to solve ill-conditioned power-flow problems, since the problems are essentially voltage collapse problems.
Defining ill-conditioned power-flow
Mathematical theory defines ill-conditioned matrices as those that have sufficiently large condition numbers [8] . For power system analysis, the matrix of concern is the power flow Jacobian matrix J. According to [8] , the condition number of J is defined as
where ll*ll represents matrix norm. If 2-norm is used, the condition number can be calculated using the following equation [8] entries are comparable with those of the network admittance matrix, it is reasonable to assume that q , , cannot be very large. The probability for om, to cause a large condition number is therefore small. On the other hand, extensive voltage stability research results show that q,lLlz (or one of the Jacobian eigenvalues) can be very small or zero at the voltage collapse point [9] . One can therefore postulate that the only cause for a large condition number to occur would be om,, going to zero at the PV-curve nose point. Thus the ill-conditioned power-flow problem could be a mere voltage stability problem, caused by operating the system at its maximum loading level. To verify this postulation, we use the PV-curve method to assess five widely publicised ill-conditioned power-flow problems [ 1-51. When a system cannot be solved with conventional power-flow programs, no clues are available to determine the cause of divergence and the condition numbers since there are no solved results. The PV-curve technique, however, can reveal a lot of useful information, P V curves can always be computed for a system by scaling down system load and generation, and by using a continuation method [lo] . As shown in Fig. I , there are three possible scenarios for power-flow divergence: Type 1: A solution point exists and it is not close to the PV-curve nose point. A Newton method should have no problem to solve such a case in theory. Whether the problem is ill-conditioned or not can be easily checked using the condition number at the solution point. Type 2: There is a possible solution point but it is very close to the PV-curve nose point. The Newton method is known to have difficulties to solve such a case. If the condition number is indeed very large for such a case, the problem can be classified as ill-conditioned.
Type 3: A solution point does not exist. In other words, the loading level of the case has gone beyond the system Cdpdbility. Such cases have nothing to do with the ill-conditioning of the Jacobian matrices. In addition to providing the 'locations' of solution points, the PV-curve method allows one to assess the behaviour of the Jacobian matrix condition number and singular values around the solution points. Such information is useful to reveal the causes of power-flow divergence and to determine if a case is indeed ill-conditioned. The following Section presents detailed studies on five cases using the PV-curve methodology. first used to solve the cases. If a case is divergent, its P V curve is then computed, and the singular values and condition numbers of the Jacobian matrix are monitored. The P V curve was obtained by increasing all active and reactive loads of the system proportionally in steps. The generation was also scaled up accordingly. The voltage of a randomly selected load bus was then plotted with respect to the load level increase. In this paper, the load level (x-axis) is expressed in the form of 'loading factors'. A loading factor is the ratio of the actual system load level to the base case level. A loading factor of 1 therefore represents the original or base case. A loading factor greater than 1 indicates an increased system load level. Detailed results for each case are presented as follows.
I 7 7-bus system
This case is reported as ill-conditioned [3] since it was found divergent with the Newton method. The authors attributed the divergence to low XIR ratios and negative line reactances. A modified Newton method was proposed. Our test results confirm that the case cannot converge using the conventional Newton method. However, the P Vcurve results, shown in Fig. 2 4 reveal that the base case loading level is 99.8% of the maximum load-ability of the system. It means that the case is very close to having no feasible solution. We classify it as type 2. increased. It is clear that the maximum singular value remains at a finite value for the entire curve, while the minimum singular value goes to zero at the nose point. It is only near the nose point that the condition number becomes very large. Therefore the case is a genuine illconditioned case.
30-bus system
This case is a radial distribution system. The case is considered as ill-conditioned [l] since it does not converge after 50 iterations with the Newton method. Our results show that the case is convergent after three iterations with the Newton method. The maximum system load-ability is 2.024 times of the base case loading level, indicating a large margin from the base case to the nose point. Fig. 3 shows the PV curve and condition number results. No large condition number is observed at the solution point. This case is therefore not ill-conditioned and can be classified as type 1. The divergence problems found in [l] might be related to other numerical problems such as an inadequate starting point for iterations. Fig. 3b also confirms 
13-bus system
This system consists of three transformers, three generators and three condensers. It is described in [3] that the Newton 386 method failed to converge because of the two series capacitors and the position of the slack generator. After analysing the system, we found errors in the input data of the reference. The authors used off-nominal tap settings of 0.05, 0.1, 0.1 for the three transformers. When the tap settings are changed to 1.05, 1.1, 1.1, the Newton power flow converged after four iterations. The incorrect tap settings are found as the only cause of divergence for this system. PV curve and condition number for this system are shown in Fig. 4 . The nose point occurs at 6.8 times of the base case loading level. The condition number for the solution point is 495.3. This is a type 1 case and it is not ill-conditioned. 
43-bus system
This case represents a typical distribution system [1-3, 51.
In [l] it is reported as 'specially ill-conditioned' and divergent after 50 iterations of Newton method. Our studies confirm that the case is divergent. However, the PV-curve results shown in Fig. 5 reveal that the nose point occurs at a loading factor of 0.58. In other words, the base case loading level is about 42% higher than the maximum load-ability of the system. There is no feasible solution to the problem. This case is not an ill-conditioned problem and should be classified as type 3. Results shown in Fig. 5b also confirm the postulation that a very large condition number occurs only at the nose point. 
69-bus system
The system is a portion of a distribution network, reported as ill-conditioned in [l] . However, we found that the case converged after 4 iterations with the Newton method. The PV curve in Fig. 6a shows that the nose point has the loading factor of 3.21 times the base case loading. As it can be seen from Fig. 6b , the condition number is not large at the solution point (loading factor = 1) and remains almost constant till loading factor of three. However, it goes to infinity when approaching the nose point. only the 11-bus case is a genuine ill-conditioned case. The case actually operates at the voltage collapse point. The Table also shows that the condition numbers are not large when the solution points are far away from the nose points. The divergence of other cases, as reported in the references, is due to problems other than large condition numbers. 
Summary

Mathematical analysis
All case study results have shown that the ill-conditioning of a power-flow Jacobian matrix only occurs at the PVcurve nose point. In other words, an ill-conditioned powerflow problem is essentially a voltage instability problem. In this Section, mathematical analysis is performed to prove that this is a general conclusion. It is shown analytically that a very large condition number occurs only at the voltage collapse point. A voltage collapse point is defined as the PI/-curve nose point, whose Jacobian matrix has a zero eigenvalue. According to eqn. 5, the above condition can be stated as
or Since all elements in matrices J and JTJ have finite values, eqn. 17 has proven that qi, has a limited value comparable to the entries of the J matrix. As a result, the only possibility for the condition number of the J matrix to become very large is at the point when omin approaches zero, namely, the voltage instability point. This conclusion has also been demonstrated by the numerical results of Section 3.
The singular value of Jacobian matrix q{J) can be obtained by the following equation [SI: 
Note that &{JTJ) 2 0 . According to the definition the eigenvalue of a matrix A can be determined as follows: 
Application of continuation power-flow
Continuation power-flow method [ 101 has been considered as the most effective method to compute P V curves of a power system. A significant characteristic of the method is that it can determine the PV-curve section near and below the nose point. It therefore appears that the method is somewhat immune to the ill-conditioning of the Jacobian matrix near the nose point. This possibility has two implications. First, if the method can indeed alter the condition number of the Jacobian matrix, the continuation powerflow could be considered as a fundamental solution for illconditioned power-flow problems. Secondly, a simple approach for testing power-flow ill-conditioning could be developed from this understanding. This Section investigates such possibilities. The continuation power-flow method is based on the following conventional Newton power-flow equations:
It first introduces a continuation parameter that is typically the loading factor y The power-flow equation is transformed as y P S P -P ( 6 , V ) = 0 rQsp -Q(0, V ) = 0 (19) where P ' a n d @' represent active a n d reactive net power injection, respectively. By treating variable y as an 'unknown' state variable and a preselected PQ bus voltage (bus k) as a 'known' parameter [lo] , eqn. 19 can be linearised to get the following power-flow equations:
where Jv is the expanded Jacobian matrix. Vector AV' does not contain element AVk, which is replaced by Ay Consequently, the elements in column k of matrices N and L' are derivatives of powers with respect to y The extended Jacobian matrix Jv avoids the singularity problem. One can therefore expect that the condition number of Jv will be reduced significantly at the nose point. Our objective here is to verify this conclusion using the five test cases. Fig. 7 shows a comparison between the condition numbers of J and Jv for the 43-bus test system. It can be seen that the condition number of Jv remains almost constant near the nose point, whle that of the conventional J matrix raises significantly. The QV curve, an easy-to-implement and well-known voltage stability assessment technique, is a special version of the continuation power-flow method. The method also has a clear physical meaning since the continuation variable is the voltage of the test bus. Based on the results of this section, we propose to use the QV-curve technique to check if a divergent power-flow case is a genuine ill-conditioned case. The procedure is as follows: (i) Select a test bus for the divergent power-flow case. This could be a bus with largest load or a bus most remote to generators of the system.
(ii) Add a fictitious condenser to the test bus. The voltage setting of the condenser is varied to produce a QV curve for the system. (iii) Assume that a QV curve is obtained and the condenser output is Qb at the bottom of the curve. If = 0, the case is near the nose-point and is therefore a genuine ill-condi- tioned case. The 11-bus system is such an example. If Q , >> 0, the case is overstressed and there is no feasible solution. The 43-bus system is such an example. If Qb << 0, the case has a feasible solution and is not ill-conditioned. The power-flow divergence could be caused by, for example, excessively high bus voltages. The 30-bus system is such an example. (iv) If the QV curve cannot be obtained or the QV-curve bottom cannot be determined, one can still conclude that the case is not an ill-conditioned case. But one cannot determine if the power-flow divergence is due to excessive load or other factors.
Discussions
This paper defines that an ill-conditioned power-flow problem as the one whose Jacobian matrix has a large condition number. A more fundamental definition of the problem could be that a small change in system parameters causes a large change in the solution results. This definition is independent of the solution methods. Another related problem is: is it possible that there could exist 'other types' of genuine ill-conditioned power-flow problems which are somewhat independent from system loading levels? Possible examples are cases that contain extreme variations in branch impedances due to the inclusion of 500kV as well as lOkV lines in one model or that have large RIX ratios. These are very interesting issues. Unfortunately, we have failed to find a single genuine ill-conditioned case that is not related to operating the system at the nose point. This experience and the logical reasoning following seem to indicate that all genuine ill-conditioned cases only occur near the maximum system load-ability point.
The Jacobian matrix is actually a sensitivity matrix. Although originated from the Newton method, the matrix has its own physical meaning and is independent of any solution methods. Since it is a sensitivity matrix, it can be used to investigate and quantify the degree of voltage sensitivity to system parameter variations. There are essentially two types of parameter variations to consider. One type is the variation of load levels and voltage settings. The other is the variation of impedance values. The first-type variation can be analysed directly using the Jacobian matrix as follows:
where J is the Jacobian matrix. Ax and Ay are the voltage variation and load variation, respectively. The second-type variation can be dealt with as follows:
where & is the equivalent load variation caused by impedance changes. It can be seen that both types of parameter variations can be analysed using the J matrix. One can therefore conclude that the more fundamental definition of the ill-conditioning problem is essentially identical to the Jacobian-matrix condition number based definition. The later definition is also independent of the Newton method.
Due to this reasoning, it becomes logically difficult to imagine 'other types' of ill-conditioned cases. If such cases did exist, it means that a large condition number would occur before the system reaching the nose point. According to the analysis of previous Sections, the condition number would be even larger at the nose point. The situation therefore becomes an issue of how close to the nose point a case should be so that it can be characterised as ill-conditioned. From this perspective, it is possible that a case with 90%) loading level could be considered as ill-conditioned whde (22) another case has to reach 98%1 loading level in order to qualify for the classification. The difference essentially rests on the slopes of the their respective PV or Q V curves and is a relative one. Our experience on voltage stability analysis also supports this consideration: cases that indiscriminately include HV and LV branches can often experience 'local' voltage instability [ 1 11. The Jacobian matrix becomes singular because of a loc(i1ised area getting over loaded.
Conclusions
This paper has contducted comprehensive investigations on the nature of ill-conditioned power-flow problems from the unique perspective of voltage stability assessment. It is demonstrated that a large percentage of so-called ill-conditioned problems have nothing to do with the ill-conditioning of the Jacobian matrices. If a case is a genuine illconditioned case, it is essentially a voltage collapse case. The main contribui.ions and conclusions of this work can be summarised as fi~llows:
It reveals, for the first time, that an ill-conditioned powerflow problem occurs only at the voltage collapse point, where condition number of the Jacobian matrix becomes infinite. As a result, the well-established voltage stability assessment methods are the most effective tools to analyse ill-conditioned power-flow problems.
It has clarified many questions related to the classical illconditioned power-flow cases. The findings suggest that it is unprofitable to research new algorithms dedicated to solving ill-conditioned power-flow problems. The problems are essentially a voltage instability problem. The continuation method, capable of providing much more information on the causes of ill-conditioning or power-flow divergence, is recommended for systems experiencing convergence problems.
